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We analyze the semiclassical and quantum polymer dynamics of the isotropic Universe in terms
of both the standard Ashtekar-Barbero-Immirzi connection together with its conjugate momentum
and also of the restated connection conjugate to the Universe volume. We study the morphology of
the resulting bouncing cosmology that emerges in both the representations and we show that the
Big Bounce is an intrinsic cut-off on the cosmological dynamics only when the volume variable is
implemented, while in terms of the standard connection the Universe critical density is fixed by the
initial conditions on the prepared wavepacket. Then, we compare the obtained results with what
emerges in Loop Quantum Cosmology, where the same difference in the nature of the Big Bounce
is associated to fixing a minimum area eigenvalue in a comoving or in a physical representation.
We conclude that the necessity to account for the zero eigenvalue of the geometrical operators and
the privileged character of the Ashtekar-Barbero-Immirzi connection suggest that the most reliable
scenario is a Big Bounce whose critical density depends on the Universe initial conditions.
I. INTRODUCTION
One of the most intriguing implications of Loop Quan-
tum Gravity (LQG) [1] is the emergence of a bouncing
cosmology in the reduced model obtained when the sym-
metries of the cosmological principle are implemented.
Such a formulation of the full theory within a minisuper-
space scenario is commonly dubbed Loop Quantum Cos-
mology (LQC) [2, 3] and offers a non-singular framework
to implement the cosmological history of the Universe
(actually, after the Planckian time the Universe thermal
history remains isomorphic to the original formulation
[4–7]).
However, the minisuperspace implementation of LQG
has the non-trivial limitation that the basic SU(2) sym-
metry is essentially lost and the discretization of the area
operator spectrum is somewhat introduced ad hoc, in
contrast with LQG where it takes place naturally on a
kinematical level [2, 3]. The difficulties of LQC in repro-
ducing the fundamental morphology of the general quan-
tum theory have been discussed in [8, 9] and the whole
cosmological setting of LQG has been seriously criticized
in [10].
In this paper we face a specific question standing in
LQC and we do it in the framework of the polymer quan-
tum mechanics [11] applied to the isotropic Universe,
which has some important features of LQC at least in
the quasi-classical limit, see [12, 13].
Actually, in the original paper [2] the bouncing cos-
mology takes place and it is connected to the existence
of a cut-off value for the area operator eigenvalue, even
if the critical density characterizing the Universe is not
a universal expression, i.e. it depends not only on the
Immirzi parameter and other fundamental constants. In
particular, it turns out to be dependent on the energy-
like eigenvalue associated to the massless scalar field that
is included in the theory and plays the role of a relational
time [14, 15].
Then, in [3, 16] the LQC formulation has been refined
by implementing the minimal value of the area spec-
trum as a physical quantity, i.e. rescaled for the square
of the cosmic scale factor corresponding to the conju-
gate momentum to the connection variable in the natural
Ashtekar-Barbero-Immirzi formulation. Such a new fea-
ture prevents the implementation of the holonomy along
a given edge as a pure translational operator on the state
and requires the choice of a new base in which it recovers
this property. In particular, the new momentum vari-
able introduced in this improved model [3] corresponds
to the cubed scale factor, i.e. the volume variable, which
has been demonstrated to be the natural variable for the
implementation of polymer quantum mechanics to the
isotropic Universe (see [12]). However, promoting the
volume variable to a viable momentum in LQC is equiv-
alent to adopt a different connection with respect to the
natural Ashtekar one, which is the only legitimated vari-
able as a real SU(2) gauge connection at the level of the
fundamental theory.
Here, we analyze the polymer quantum dynamics of
the isotropic Universe both in the case when the basic
variables are the Ashtekar connection and its conjugate
momentum (actually the flux operator) and also when
the addressed phase-space variables are the volume-like
coordinate and the corresponding new connection. Our
results coincide essentially with those of LQC both on a
semiclassical and on a pure quantum level. We see that
the critical energy density of the Universe is fixed by the
fundamental constants which are the Immirzi parameter
and the polymer one. On the contrary, when the natural
gauge connection is considered we obtain that the density
cut-off depends on the energy-like eigenvalue, i.e. on the
initial conditions for a given wavepacket.
The focus of the present analysis is not the existence of
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2a bouncing cosmology in LQG and hence in LQC and in
polymer quantum cosmology, which is guaranteed by the
discrete nature of the spectrum of the geometrical area
operator, but to what extent it is more reliable to deal
with a physical cut-off like in the analysis performed in
[3] instead of a Big Bounce depending on the particular
properties of the considered semiclassical state, like in
[2].
From the point of view of the basic LQG theory, it
seems natural that the available zero eigenvalue of the
volume spectrum could be suitably weighted in a semi-
classical state in order to reach a bouncing configuration
at arbitrarily large energies. Also the polymer quanti-
zation developed here confirms this point of view when
implemented in the natural Ashtekar variables. In par-
ticular, the analysis performed via the improved Hamil-
tonian in [3] seems to be affected by a non-viable change
of variables, which is required in order to restore a stan-
dard translational operator. In fact, the Universe vol-
ume (i.e. the cubed cosmic scale factor) has its own con-
jugate variable corresponding to a restated connection
which implements LQG features into the symmetries of
the minisuperspace in an inappropriate way.
Furthermore, from the point of view of a polymer quan-
tization we show how restoring the natural connection
from that one associated to the Universe volume is for-
mally equivalent to restating the basic lattice parameter
in terms of a function of the momentum variable which
corresponds to the conjugate variable to the connection.
This is fundamental to restore a physical equivalence be-
tween the formulations in both frameworks. In particu-
lar, we show how the Universe volume obeys the same
dynamical equations in the two sets of variables. Thus,
also the polymer quantization of the isotropic Universe
suggests that if we state that the only admissible vari-
able is the connection induced by the full theory, we ar-
rive to a bouncing dynamics whose minimum volume and
maximum density are not fixed a priori by fundamental
parameters.
The paper is structured as follows. In section II we
present the two formulations of LQC, namely the stan-
dard one with the Ashtekar connection and the improved
model with the restated connection; we present also the
semiclassical limit of the theory. In section III we intro-
duce the polymer representation of Quantum Mechanics.
In section IV we apply the polymer framework to the clas-
sical dynamics of the Friedmann-Lemaitre-Robertson-
Walker (FLRW) Universe in both sets of variables, and in
section V we implement the full quantum theory via the
analysis of the wavepacket dynamics. In section VI we
discuss and compare the results of the previous sections
and argue that the two different set of variables provide
inequivalent theories; we further suggest a possibility to
recover the equivalence. In section VII we conclude the
paper with a brief summary and we stress some remarks.
II. LOOP QUANTUM COSMOLOGY
In this section we introduce the work made by the
Ashtekar school on the Loop quantization of the flat
FLRW model [2, 3, 16]. The standard procedure in a flat,
isotropic, open model is to introduce an elementary cell
V and restrict all integrations to its volume V0 calculated
with respect to a fiducial metric 0qab. Given the syme-
tries of the model, the gravitational phase space variables
that in the full theory are the SU(2) Ashtekar connec-
tions Aia and the densitised triads E
a
i can be expressed
as
Aia = c V
− 13
0
0ωia, (1a)
Eai = p V
− 23
0
√
0q 0eai , (1b)
where
√
0q is the determinant of the fiducial metric and
(0ωia,
0 eai ) are a set of orthonormal co-triads and triads
adapted to V and compatible with 0qab. Therefore, the
gravitational phase space becomes two-dimensional with
fundamental variables (c, p), defined to be insensitive to
(positive) rescaling transformations of the fiducial met-
ric and whose physical meaning is obtained through their
relation with the scale factor a(t): c ∝ a˙, |p| ∝ a2. The
fundamental Poisson bracket is independent on the fidu-
cial volume V0 and is given by
{c, p} = 8piGγ
3
, (2)
where γ is the Immirzi parameter. This is the classical
phase space that constitutes the starting point of LQC.
A. Standard LQC
The quantum theory is constructed, following Dirac
[17], by firstly giving a kinematical description through
the identification of elementary observables that have un-
ambiguous corresponding operators. Since LQG provides
a well-defined kinematical framework for full General
Relativity (GR), differently from the Wheeler-De Witt
(WDW) theory, LQC can be constructed following the
procedure of the full theory. The elementary variables
of LQG are holonomies of the connections and fluxes of
the triads, and their natural equivalent in our setting are
holonomies hλ along straight edges (λ 0eak) and the mo-
mentum p itself. Since the holonomy along the kth edge
is given by
hλk(c) = cos
λc
2
I+ 2 sin
λc
2
τk, (3)
where τk are the SU(2) generators and I is the identity
matrix, the elementary configurational variables can be
taken to be the almost periodic functions Nλ(c) = e
iλc2
and the momentum p. This choice is also motivated by
3the fact that in the full theory it is not possible to con-
struct an operator corresponding to the connection c it-
self.
The Hilbert space Hking is the space L2(RB , dµH) of
square integrable functions on the Bohr compactification
of the real line endowed with the Haar measure. It is con-
venient to work in the p-representation, in which eigen-
states of pˆ are orthonormal kets |µ〉 labeled by a real
number; the fundamental variables are promoted to op-
erators acting as
Nˆλ(c) |µ〉 = êiλc2 |µ〉 = |µ+ λ〉 , (4a)
pˆ |µ〉 = 8piγ`
2
P
6
µ |µ〉 . (4b)
The dynamics is defined by the introduction of an op-
erator on Hking corresponding to the Hamiltonian con-
straint Cg. Given the absence of the operator cˆ, this
must be done by returning to the integral expression of
the constraint and expressing it as function of our funda-
mental variables before quantization. The gravitational
Hamiltonian constraint of GR in the flat case is
Cg = − 1
γ2
∫
V
d3xN ijk F
i
ab e
−1Eaj Ebk, (5)
where e =
√|detE|, Ni = 0 due to isotropy, and N does
not depend on spatial coordinates and can be set to 1
without loss of generality. Using the Thiemann strategy
to substitute classically the troublesome e−1 with a Pois-
son bracket involving connections (i.e. holonomies) and
the volume [18], the term ijk e
−1Eaj Ebk can be written
as ∑
k
sign(p)
2piγGλV
1
3
0
0abc 0ωkc Tr
(
hλk
{
(hλk)
−1, V
}
τi
)
, (6)
where V = |p| 32 is the volume function on the phase
space; for the field strength F iab we follow the standard
strategy used in gauge theory of considering a square of
side λV
1
3
0 in the ij plane spanned by two of the triad
vectors and defining the curvature component as
F kab = −2 lim
λ→0
Tr
(
hλij − 1
λ2 V
2
3
0
)
τk 0ωia
0ωjb , (7)
where the holonomy around the square is simply the
product of the holonomies along its sides: hλij =
hλi h
λ
j (h
λ
i )
−1(hλj )
−1.
Given these expressions, the gravitational constraint
can be written as the limit of a λ-dependent constraint
that is now expressed entirely in terms of holonomies and
p, and can therefore be easily promoted to operator:
Cg = lim
λ→0
Cλg , (8)
Cλg = −
4 sign(p)
8piγ3λ3G
∑
ijk
ijk Tr
(
hλij
{
(hλk)
−1, V
})
, (9)
Cˆλg =
24i sign(p)
8piγ3λ3`2P
sin2(λc) Oˆ(λ), (10)
Oˆ(λ) = sin
λc
2
Vˆ cos
λc
2
− cos λc
2
Vˆ sin
λc
2
, (11)
where the action of the volume operator, of the holonomy
operators and of sine and cosine functions can be easily
derived from (4).
Now, in LQC the limit λ → 0 does not exist. This is
not accidental: it is a reminder of the underlying quan-
tum geometry, where the area operator has a discrete
spectrum with a smallest non-zero eigenvalue correspond-
ing to the area gap ∆ [1]. It is therefore physically incor-
rect to let λ go to zero because the area of the ij square
cannot be zero; as a consequence λ must be set to a fixed
positive value µ0, that can be appropriately related to the
area gap by considering that the holonomies are eigen-
states of the area operator Aˆ = |̂p| and demanding that
the eigenvalue be exactly equal to ∆ = 2
√
3pi`2P :
Aˆ hµ0k (c) =
8piγµ0
6
`2P h
µ0
k (c) = ∆h
µ0
k (c); (12)
this yields µ0 =
3
√
3
2 . The operator corresponding to
the Hamiltonian constraint can be now defined as the
λ-dependent operator (10) with λ = µ0:
Cˆg = Cˆµ0g . (13)
The final step is to make this operator self-adjoint by
either taking its self-adjoint part or by simmetrically re-
distributing the sine operator:
Cˆ(1)g =
1
2
(Cˆg + Cˆ†g), (14a)
Cˆ(2)g =
24i sign(p)
8piγ3µ30`
2
P
sin(µ0c) Oˆ(µ0) sin(µ0c). (14b)
The Ashtekar school uses the second one, but both are
equivalent and yield similar results.
Now we introduce matter in the form of a massless
scalar field φ obeying a Hamiltonian of the form
Cˆφ = 8piG |̂p|−
3
2 pˆ2φ, (15)
where pφ is the momentum conjugate to φ. Physical
states Ψ(µ, φ) are the solutions of the total constraint
(Cˆg + Cˆφ) Ψ(µ, φ) = 0. (16)
In the classical theory, the field does not appear in
the matter part of the Hamiltonian; hence the conjugate
4momentum pφ is a constant of motion and the field φ
can play the role of an emergent internal time; in quan-
tum cosmology in general, this choice of relational time
is the most natural because near the classical singularity
a monotonic behaviour of φ as a function of the isotropic
scale factor a(t) always appears. The constraint (16) can
then be considered an evolution equation with respect
to this internal time φ and can be recast in a Klein-
Gordon-like form, thus allowing for the usual separation
into positive and negative frequency subspaces.
The procedure that must be implemented in order to
extract physics from the model is:
• to introduce an inner product on the space of so-
lutions of the constraint to obtain the physical
Hilbert space Hphy;
• to isolate classical Dirac observables to be pro-
moted to self-adjoint operators on Hphy;
• to use them to construct wavepackets that are semi-
classical at late times;
• to evolve them backwards in time using the con-
straint itself.
After the definition of the internal time, the constraint
(16) takes the form
∂2Ψ
∂φ2
=
1
B
(
C+(µ)Ψ(µ+ 4µ0, φ) + C
0(µ)Ψ(µ, φ)+
+C−(µ)Ψ(µ− 4µ0, φ)
)
= −Θ(µ)Ψ(µ, φ),
(17)
C+(µ) =
piG
9|µ0|3
∣∣∣|µ+ 3µ0| 32 − |µ+ µ0| 32 ∣∣∣, (18a)
C−(µ) = C+(µ− 4µ0), (18b)
C0(µ) = −C+(µ)− C−(µ), (18c)
where B = B(µ) is the eigeinvalue of the inverse volume
operator appearing in the matter constraint (15):
|̂p|− 32 Ψ(µ, φ) =
(
6
8piγ`2P
) 3
2
B(µ), (19a)
B(µ) =
(
2
3µ0
)6 (
|µ+ µ0|
3
4 − |µ− µ0|
3
4
)6
. (19b)
The operator Θ(µ) on the right-hand side of (17) is a dif-
ference operator, as opposed to the differential character
of the operator that appears in the equivalent equation
of the WDW theory. This allows for the space of physical
states to be naturally superselected into different sectors
that can be analyzed separately.
In the choice of observables, classical considerations
are helpful: it is possible to choose the conjugate mo-
mentum to the field, since it is a constant of motion, and
the value of p at a fixed instant φ0. The set (pφ, p|φ0)
uniquely determines a classical trajectory, and therefore
it constitutes a complete set of Dirac observables in the
quantum theory. The operators act as
|̂p|φ0Ψ(µ, φ) = ei
√
Θ(µ) (φ−φ0) |µ|Ψ(µ, φ0), (20a)
pˆφΨ(µ, φ) = −i∂Ψ(µ, φ)
∂φ
, (20b)
where Ψ(µ, φ0) is the initial configuration i.e. the wave
function calculated at a fixed initial time φ0 and the abso-
lute value of µ is due to the fact that states are symmetric
under parity because the constraint commutes with the
parity operator.
The evolution of wavepackets is then carried out nu-
merically. In the following, we briefly summarize the re-
sults that are of interest to our analysis.
• Singularity resolution: an initially semiclassical
state remains sharply peaked around the classical
trajectories and the expectation values of the Dirac
observables are in good agreement with their clas-
sical counterparts for most of the evolution; how-
ever, when the matter density approaches a critical
value, the state bounces from the expanding branch
to a contracting one with the same value of 〈pˆφ〉.
This occurs in every sector and for any choice of
pφ  G, universally solving the singularity by sub-
stituting the Big Bang with a Big Bounce.
• Critical density: the critical value of the matter
density results to be inversely proportional to the
expectation value 〈pˆφ〉, and can therefore be made
arbitrarily small by choosing a sufficiently large
value for pφ. This fact is physically unreasonable
because it could imply departures from the classical
trajectories well away from the Planck regime. This
becomes even more problematic in the case of a
closed model: the point of maximum expansion de-
pends on pφ as well; in order to have a bounce den-
sity comparable with Planck’s, a very small value is
needed but then the universe would never become
big enough to be considered classical; on the other
hand, a closed universe that grows to be classical
needs a great value of pφ but then would have a
bounce density comparable with that of water.
This framework, although successfully solving the singu-
larity, has therefore a very important drawback and needs
to be substantially improved.
B. Improved dynamics
In this section we present the new scheme introduced
by the Ashtekar school in [2] that improves on the stan-
dard LQG procedure.
5The idea is that the quantization of the area opera-
tor must refer to physical geometries. Therefore, when
performing the limit (8) needed to construct the gravita-
tional constraint, we should shrink the ij square until its
area reaches ∆ as measured with respect to the physical
metric instead of the fiducial one. The area of the faces
of the elementary cell is simply |p| and each side of the
square is λ times the edge of the cell; with this considera-
tion the parameter λ now becomes a function µ¯(p) given
by
µ¯2 |p| = ∆. (21)
This means that the curvature operator will now depend
both on the connection and the geometry, whereas with
the µ0 scheme it depended on the connection only. On
the other hand, more care is needed in the definition of
the exponential operator because now ei
µ¯c
2 depends also
on p.
By using geometric considerations, we can make a com-
parison with the Schro¨dinger representation and set
êi
µ¯c
2 Ψ(µ) = eµ¯
d
dµ Ψ(µ), (22)
i.e. the exponential operator translates the state by a
unit affine parameter distance along the integral curve
of the vector field µ¯ ddµ . The affine parameter along this
vector field is given by
v = K sign(µ) |µ| 32 , (23)
with K = 2
√
2
3
√
3
√
3
. Since v(µ) is an invertible and
smooth function of µ, the action of the exponential op-
erator is well-defined; however, its expression in the µ-
representation is very complicated because the variable µ
is not well adapted to the vector field µ¯ ddµ . It is therefore
useful to change the basis from |µ〉 to |v〉; in this repre-
sentation the action of the exponential operator takes an
extremely simple form:
êi
µ¯c
2 Ψ(v) = Ψ(v + 1). (24)
The kets |v〉 still constitute an orthonormal basis on Hking
and, as it turns out, they are eigenvectors of the volume
operator:
Vˆ |v〉 =
(
8piγ
6
) 3
2 `3P
K
|v| |v〉 . (25)
The gravitational constraint can now be constructed in
the same way as before.
The matter constraint has the same form (15) of the
standard case, and therefore it is sufficient to express the
inverse volume eigenvalues (19b) in terms of v:
B(v) =
(
3
2
)3
K|v|
∣∣∣|v + 1| 13 − |v − 1| 13 ∣∣∣3. (26)
Repeating the same steps of the standard case, the
total constraint can again be espressed as a difference
operator but this time in terms of v:
∂2Ψ
∂φ2
=
1
B
(
C+(v)Ψ(v + 4, φ) + C0(v)Ψ(v, φ)+
+C−(v)Ψ(v − 4, φ)
)
= −Θ(v)Ψ(v, φ),
(27)
C+(v) =
3piKG
8
|v + 2|
∣∣∣|v + 1| − |v + 3|∣∣∣, (28a)
C−(v) = C+(v − 4), (28b)
C0(v) = −C+(v)− C−(v). (28c)
The old operator Θ(µ) in (17) involves steps that are
constant in the eigenvalues of pˆ, while the new one Θ(v),
called improved constraint, involves steps that are con-
stant in eigenvalues of the volume operator Vˆ ; in the |µ〉
basis these steps vary, becoming larger for smaller µ and
diverging for v = 0, but since the operators in the con-
straint are well-defined on the state |v = 0〉 the constraint
itself is well-defined.
Regarding the Dirac observables, it is sufficient to sub-
stitute p|φ0 with the volume v|φ0 , and the pair (pφ, v|φ0)
is again a complete set. The action of the corresponding
operators therefore is
|̂v|φ0Ψ(v, φ) = ei
√
Θ(v) (φ−φ0) |v|Ψ(v, φ0), (29a)
pˆφΨ(v, φ) = −i∂Ψ(v, φ)
∂φ
. (29b)
After numerical calculations, the improved framework
yields the following results.
• Singularity resolution: also in this case the states
remain sharply peaked throughout all the evolu-
tion, and the expectation values of the Dirac ob-
servables follow the classical trajectory up to a crit-
ical value of the energy density; when that value
is approached, the states jump to a contracting
branch and, instead of following the classical trajec-
tory into the singularity, they undergo a quantum
bounce.
• Critical density: the real improvement of the new
scheme is that the numerical value of the bounce
density is independent of 〈pˆφ〉 and is the same in
all simulations, given by ρcrit ≈ 0.82ρP . The be-
haviour of the energy density has been also studied
independently from the evolution of wave packets
by analyzing the evolution of the density operator
defined as
ρˆφ =
(̂
p2φ
2V 2
)
(30)
6and it was found that in all quantum solutions the
expectation value 〈ρˆφ〉 is bounded from above by
the same value ρcrit ≈ 0.82ρP .
The improved scheme, through a physically motivated
modification in the construction procedure of the quan-
tum gravitational constraint, is able to overcome the
main weakness of standard LQC. It has been shown that
the absolute value of the critical density is not modified
even when a non-zero cosmological constant is included in
the model [2]. The physical understanding of this phe-
nomenon is given by means of an effective description
obtained through a semiclassical limit.
C. Semiclassical limit of LQC
The semiclassical limit of LQC, i.e. the inclusion of
quantum corrections in the classical dynamics, can be ob-
tained through a geometric formulation of quantum me-
chanics where the Hilbert space is treated as an infinite-
dimensional phase space. In simpler cases with coherent
states that are preserved by the full quantum dynam-
ics, the resulting Hamiltonian coincides with the classi-
cal one; however, in more general systems it is possible
to choose suitable semiclassical states that are preserved
up to a desired accuracy (e.g. in a } expansion), and
the corresponding effective Hamiltonian preserving this
evolution is generally different from the classical one.
In our model with a massless scalar field, the leading
order quantum corrections yield an effective Hamiltonian
constraint for the µ0 scheme in the form
C(µ0)eff
16piG
= − 3
8piGγ2µ20
|p| 12 sin2(µ0c) + 1
2
B(µ)p2φ, (31)
where B(µ) is given by (19b) and for µ  µ0 can be
approximated as
B(µ) =
(
6
8piγ`2P
) 3
2
|µ|− 32
(
1 +
5
96
µ20
µ2
+O
(µ40
µ4
))
.
(32)
Since quantum corrections are significant only in the
quantum region near µ = 0, we can ignore them and,
through Hamilton equations, obtain a modified Fried-
mann equation:
H2 =
(
p˙
2p
)2
=
8piG
3
ρ
(
1− ρ
ρcrit
)
, (33a)
ρcrit =
(
3
8piGγ2µ20
) 3
2
√
2
pφ
. (33b)
As in the full quantum dynamics, the critical density at
the bounce is inversely proportional to the value of the
constant of motion pφ.
Applying the same procedure to the µ¯ scheme, the im-
proved effective Hamiltonian reads as
C(µ¯)eff
16piG
= − 3
8piGγ2µ¯2
|p| 12 sin2(µ¯c) + 1
2
B(v)p2φ, (34)
where B(v) is the eigenvalue of the inverse volume oper-
ator expressed in terms of v as given by (26). Again, for
|v|  1, B(v) quickly approaches its classical value:
B(v) =
(
6
8piγl2P
)3/2
K
|v|
(
1 +
5
9
1
|v|2 +O
( 1
|v|4
))
.
(35)
Neglecting the higher order quantum corrections as be-
fore and given that the Poisson bracket between v and c is
easily derived from (2), the modified Friedmann equation
in this case is
H2 =
(
v˙
3v
)2
=
8piG
3
ρ
(
1− ρ
ρcrit
)
, (36a)
ρcrit =
√
3
16pi2γ3G2
. (36b)
The critical density does not depend on pφ anymore, and
that is the main reason for which the improved model is
much more appealing than the standard one.
III. POLYMER QUANTUM MECHANICS
Polymer quantum mechanics is an alternative repre-
sentation that is non-unitarily connected to the stan-
dard Schro¨dinger representation. In analogy to LQG,
polymer representation implements a fundamental scale
in the Hilbert space through the introduction of a lat-
tice structure, and when applied to cosmology it leads to
the appearance of a bounce for the volume of the Uni-
verse. We will present the polymer representation follow-
ing Corichi [11].
We consider a Hilbert space H′ with the orthonor-
mal basis |βi〉 where βi ∈ R, i = 1, ..., N and such that
〈βi |βj〉 = δi,j . The Hilbert space Hpoly for the polymer
representation is built by the completion of H′. In such
a space we can define two fundamental operators:
ˆ |β〉 = β |β〉 , (37a)
sˆ(ζ) |β〉 = |β + ζ〉 , (37b)
respectively label and shift operator; sˆ(ζ) is a family of
parameter-dependent unitary operators. Yet, they are
discontinuous and, therefore, they cannot be generated
by the exponentiation of a self-adjoint operator.
Let us now consider a Hamiltonian system with canon-
ical variables q and p. In the momentum polarization, a
7state |ψ〉 has wave function ψ(p) = 〈p |ψ〉, and therefore
for the fundamental states we have:
ψβ(p) = 〈p |β〉 = eiβp. (38)
The two fundamental operators (37) can be identified
respectively with the coordinate operator qˆ, that has a
differential action, and with the multiplicative operator
Vˆ (ζ):
Vˆ (ζ)ψβ(p) = e
iζpeiβp = ψβ+ζ(p), (39a)
qˆψβ(p) = −i ∂
∂p
ψβ(p) = βψβ(p). (39b)
Since Vˆ (ζ) is now the shift operator in Hpoly, the mo-
mentum operator pˆ cannot exist as the generator of
translations. It is possible to prove that the Hilbert
space of the wave functions in this polarization is given
by Hpoly = L2(RB , dµH), the same as the kinematical
Hilbert space Hking of LQC.
Since it is not possible to promote p to a well-defined
operator, it must be regulated. The procedure consists in
restricting the Hilbert space by defining a lattice, i.e. a
regular graph γβ0 = {q ∈ R : q = βn = nβ0 with n ∈ Z},
where β0 is the fundamental scale of the polymer rep-
resentation, and considering only the subspace Hγβ0 ⊂Hpoly which contains all those states |ψ〉 such that
|ψ〉 =
∑
n
bn |βn〉 , (40)
with
∑
n |bn|2 < ∞. Now the translation operator must
be restricted to act only by discrete steps in order to
remain on γβ0 by setting ζ = β0:
Vˆ (β0) |βn〉 = |βn+1〉 . (41)
When the condition p 1β0 is satisfied, we can write:
p ≈ 1
β0
sin (β0p) =
1
2iβ0
(
eiβ0p − e−iβ0p) (42)
and in return we can approximate the action of the mo-
mentum operator by that of Vˆ (β0):
pˆβ0 |βn〉 =
1
2iβ0
(
Vˆ (β0)− Vˆ (−β0)
) |βn〉 =
=
i
2β0
(|βn+1〉 − |βn−1〉). (43)
As regards the squared momentum operator, two differ-
ent definitions are possible, corresponding to two differ-
ent approximations of the momentum variable:
pˆ2β0 |βn〉 =
1
β20
(
2− Vˆ (β0)− Vˆ (−β0)
) |βn〉 , (44a)
p2 ≈ 2
β20
(
1− cos (β0p)
)
, (44b)
or
pˆ2β0 |βn〉 =
1
4β20
(
2− Vˆ (2β0)− Vˆ (−2β0)
) |βn〉 , (44c)
p2 ≈ 1
β20
sin2 (β0p). (44d)
Note however that they differ only by a rescaling of the
polymer parameter.
Now, we can implement a Hamiltonian operator on the
graph:
Cˆγβ0 =
1
2m
pˆ2β0 + Uˆ(qˆ), (45)
where Uˆ(qˆ) is the potential.
When performing the quantization of a system using
the momentum polarization of the polymer representa-
tion, the regulated momentum operator (44a) or (44c)
must be used together with the differential coordinate op-
erator. Alternatively, it is possible to perform a semiclas-
sical analysis by using the formal substitutions (44b) or
(44d) in the classical Hamiltonian, thus including quan-
tum modifications in the classical dynamics [19–21].
IV. POLYMER SEMICLASSICAL DYNAMICS
OF THE FLRW UNIVERSE
We will now apply the polymer representation to the
FLRW Universe. Firstly, we will use the Ashtekar vari-
ables (1) and then the modified connection conjugate to
the Universe volume, which has been demonstrated to be
the suitable variable in order to obtain a physical cut-off
[12]. Consequently, the two polymer approaches will be
compared to the semiclassical approaches obtained from
LQC.
A. Analysis in the Ashtekar variables
Starting from the gravitational Hamiltonian constraint
written in the Ashtekar variables, after including the
scalar matter field, we have
C = − 3
8piGγ2
√
p c2 +
p2φ
|p| 32 = 0 (46)
and the action of the system can be written as
S(c, p) =
∫
dtd3x(cp˙−NC). (47)
The polymer paradigm is implemented, in this case, by
considering the variable p as discrete and therefore, in
order to have a regularized momentum, we introduce a
lattice in c, obtaining:
c→ 1
β0
sin(β0c). (48)
8Thus we obtain a modified polymer Hamiltonian, i.e.
Cpoly = − 3
8piGγ2β20
√
p sin2(β0c) +
p2φ
|p| 32 = 0, (49)
in which for the square sine we have used Eq.(44d). Re-
membering the Poisson bracket (2) we can obtain the
equations of motion for p and c as
p˙ =
2N
γβ0
√
|p| sin(β0c)cos(β0c), (50a)
c˙ = N
8piGγ
3
( 3
8piGγ2β20
1
2
√
p
sin2(β0c) +
3
2
p2φ
|p|5/2
)
; (50b)
moreover from the vanishing of the Hamiltonian con-
straint we find a useful relation for our treatment:
sin2(β0c) =
8piGγ2β20
3
p2φ
|p|2 =
8piGγ2β20
3
ρ|p|, (51)
where we use the definition of the density ρ =
p2φ
|p|3
1.
At this stage we find an analytic expression for the
Friedmann equation:
H2 =
( a˙
a
)2
=
( p˙
2p
)2
=
1
γ2β20
1
|p| sin
2(β0c)
(
1− sin2(β0c)
)
,
(52)
and by using (51) we obtain
H2 =
( p˙
2p
)2
=
8piG
3
ρ
(
1− ρ
ρcrit
)
, (53)
where
ρcrit =
3
8piGγ2β20 |p|
. (54)
Let us now consider the scalar field φ as the internal
time for the dynamics. As we know this fixes the gauge,
requiring the lapse function to be
1 = φ˙ = N
∂Cpoly
∂pφ
= N
2pφ
p
3
2
N =
|p| 32
2pφ
=
1
2
√
ρ
;
(55)
therefore the effective Friedmann equation in the (p, φ)
plane reads as( 1
|p|
dp
dφ
)2
=
8piG
3
(
1− 8piGγ
2β20
3
p2φ
|p|2
)
, (56)
1 Note that here there is a slight difference with respect to
Ashtekar’s procedure in which ρ =
p2φ
2|p|3 ; however this only leads
to differences in numerical constants.
that we solve analytically. In order to make the equation
dimensionless we use Eq.(1a), from which we find that
c is dimensionless since the Ashtekar has the dimensions
of [L−1] and p has the dimensions of an area (in our
system dim(p)=dim(G)). Moreover, from the Einstein-
Hilbert action
S = − 1
16piGc
∫
d4x
√−g
(
R− 8piGgµν∂µφ∂νφ
)
, (57)
we find that Gφ2 is dimensionless, thus φ ≈ 1√
G
and
pφ ≈
√
G. The analytic expression of p(φ) can be written
as
p(φ) =
1
2
√
8piGγ2β20
3
pφ e
−
√
8piG
3 φ
(
1 + e2
√
8piG
3 φ
)
. (58)
As shown in Fig. 1 the polymer trajectory follows the
classical one until it reaches a purely quantum era where
the effects of quantum geometry become dominant. The
resulting dynamics is that of a quantum Big Bounce re-
placing the classical Big Bang. At this stage we find
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Figure 1: The polymer trajectory (continuous) is
compared to the ordinary ones, Big Bang (dashed) and
Big Crunch (dotted), for an isotropic model.
that the function p(φ) has a minimum value at which
the Bounce occurs, thus putting together Eqs. (58) and
(54) we obtain how the critical density is related to the
initial conditions of the Universe, i.e.
ρcrit =
( 3
8piGγ2β20
) 3
2 1
pφ
. (59)
As shown in Fig. 2 the critical density directly depends
on the initial conditions associated with the scalar field;
for pφ −→ 0 we obtain ρcrit −→ ∞, thus we can asimp-
totically approach the initial singularity due to the fact
that quantum corrections become irrelevant. Thus the
singularity of the Big Bang is solved by the introduction
of a Big Bounce; however in this approach the density
at which the Bounce occurs depends on the initial con-
ditions: for pφ −→ 0 there is no quantum correction while
9pϕ
ρcrit
Figure 2: Dependency of the critical density on the
momentum of the scalar field. For pφ  1 the Bounce
approaches the singularity.
for pφ −→∞ no classical Universe is visible since the max-
imum volume is still quantum.
Let us look back at the second equation of motion,
which after the application of (51) and (58) is written as
c˙(φ) =
1√
24piGβ20
1
cosh
(√
8piG
3 φ
) , (60)
where the time at which the Bounce occurs is fixed to
zero for simplicity. The evolution of c is shown in Fig.
3 and as we could expect at the turning point the speed
simply vanishes.
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Figure 3: Polymer trajectory of c representing the
contracting (φ < 0) and expanding (φ > 0) Universe.
To summarize, we obtain a theory in which the Big
Bang singularity is replaced by a quantum Big Bounce
and the energy density at the Bounce depends on the
initial configuration of our system, so that it is possible
to arbitrarily move the Bounce forward and backward in
time.
B. Analysis in the volume variable
We now perform a change of variables, following [12],
in which the semiclassical and quantum dynamics of the
isotropic Universe is studied in the framework of the poly-
mer quantum mechanics and the Universe cubed scale
factor (i.e. the spatial volume) is identified as the suitable
configurational variable, providing a constant critical en-
ergy density, such that the Bounce arises as an intrinsic
geometric feature. Through a canonical transformation
we obtain a new pair of variables:
ν = p
3
2 = a3 c˜ =
2
3
c√
p
∝ a˙|a| . (61)
This canonical transformation preserves the Poisson
brackets, i.e.
{c˜, ν} = 8piGγ
3
, (62)
thus the new Hamiltonian constraint we have to deal with
is written as
C˜ = − 27
32piGγ2
ν c˜2 +
p2φ
ν
(63)
and the new modified polymer Hamiltonian is
C˜poly = − 27
32piGγ2β20
ν sin2(β0c˜) +
p2φ
ν
= 0. (64)
We observe that the corresponding Hamiltonian takes the
same form (except for constant quantities) when we im-
plement this new setting. Thus the equations of motion
for these new variables are
ν˙ =
18N
4γβ0
ν sin(β0c˜)cos(β0c˜), (65a)
˙˜c = N
8piGγ
3
( 27
32piGγ2β20
sin2(β0c˜) +
p2φ
ν2
)
. (65b)
We therefore find the analytic expression for the Fried-
mann equation in this framework, i.e.
H2 =
( a˙
a
)2
=
( ν˙
3ν
)2
=
( 3
γ2β20
)2
sin2(β0c)
(
1− sin2(β0c)
)
,
(66)
and by using the vanishing Hamiltonian constraint we
have
H2 =
8piG
3
ρ
(
1− ρ
ρcrit
)
ρcrit =
27
32piGγ2β20
. (67)
Thus in this case we still have the universe Bounce but
the density at which it occurs does not depend on the
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initial condition, in other words it is a fixed universe fea-
ture. This result strongly connects LQC to the Polymer
approach.
Considering now the scalar field φ as the internal time
for the dynamics, we fix the gauge, i.e.
1 = φ˙ = N
∂C˜poly
∂pφ
= N
2pφ
ν
N =
ν
2pφ
=
1
2
√
ρ
, (68)
thus the effective Friedmann equation in the (ν, φ) plane
reads as (1
ν
dν
dφ
)2
=
24piG
4
(
1− 32piGγ
2β20
27
p2φ
ν2
)
. (69)
With the exception of numerical constants, this is the
same differential equation of the previous case (56), so
we can solve it analytically. The analytic expression of
ν(φ) can be written as
ν(φ) =
√
8piGγ2β20
27
pφ e
−
√
24piG
4 φ
(
1 + e2
√
24piG
4 φ
)
. (70)
As shown in Fig. 4 the Bounce is clearly visible, therefore
also with these new variables the universe has minimum
volume.
-4 -2 0 2 4
ϕ
0.02
0.04
0.06
0.08
0.10
ν(ϕ)
Figure 4: The Polymer trajectory of the volume for an
isotropic model. The existence of a minimum volume is
clearly visible.
V. POLYMER QUANTUM DYNAMICS OF THE
FLRW UNIVERSE
In this section the main purpose is to promote the
system to a quantum level, starting from the Hamilto-
nian constraint in its quantum counterpart and applying
Dirac’s quantization directly to quantum wave functions
in order to obtain the WDW equation. In the Dirac pro-
cedure [17] the constraints are directly promoted to a
quantum level, the Poisson brackets to commutators and
the constraints to operators; the latter, when applied to
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Figure 5: Polymer trajectory of c ∝ a˙|a| in the
contracting (φ < 0) and expanding (φ > 0) Universe.
the quantum states, will select physical states and yield
the WDW equation:
Cˆ|Ψ〉 = 0. (71)
This procedure will lead to the dynamics whereby the
system will select only physical states and it will also
fix Ψ as an eigenstate for the Hamiltonian with vanish-
ing eigenvalue; however the boundary conditions of the
theory are not given.
After performing the quantization of the system and
obtaining the WDW equation, through a substitution,
we will describe the system as a simple massless Klein-
Gordon equation. At this point, after finding the eigen-
functions and dividing the positive frequencies from the
negative ones, we build the wavepackets. Knowing the
scale product in the Klein-Gordon case, we construct the
probability density from which we obtain the value at
which the system is localized. As in the semiclassical
case, we use this scheme both in the Ashtekar variables
and in the volume, and therefore we observe a consistency
between the quantum and the semiclassical cases. What
is more, we verify how, when we use the Ashtekar vari-
ables, the expectation value of the volume depends on
the energy-like eigenvalue of the scalar field and there-
fore it is always possible, with a suitable choice of initial
conditions, to approximate the initial singularity.
A. Quantum analysis in the Ashtekar variables
Let us recall the Hamiltonian constraint, i.e.
Cpoly = − 3
8piGγ2β20
√
p sin2(β0c) +
p2φ
|p| 32 = 0. (72)
In order to implement Dirac quantization method we
have to promote variables to quantum operators, i.e.
pˆ = −i8piGγ
3
d
dc
cˆ =
1
β0
sin
(
β0c
)
, (73a)
11
pˆφ = −i d
dφ
; (73b)
thus we obtain the Hamiltonian constraint operator as
Cˆ =
[
− 8piG
3β20
d2
dc2
sin2
(
β0c
)
+
d2
dφ2
]
= 0. (74)
The former scheme is known as the momentum repre-
sentation of quantum mechanics. In the momentum rep-
resentation, wavefunctions Ψ(c, φ) are the Fourier trans-
forms of the equivalent real-space wavefunctions, and dy-
namical variables are represented by different operators.
As written before, in Dirac method the Hamiltonian
constraint selects physical states and thus we have[
− 8piG
3β20
(
sin
(
β0c
) d
dc
)2
+
d2
dφ2
]
Ψ(c, φ) = 0, (75)
where we use a mixed factor ordering that will lead us
to a solvable differential equation through the following
substitution:
x =
√
3
8piG
ln
[
tan
(β0c
2
)]
+ x0 (76)
so that x ranges from −∞ to∞. Thus (75) becomes just
the massless Klein-Gordon equation
d2
dx2
Ψ(x, φ) =
d2
dφ2
Ψ(x, φ), (77)
where Ψ(c, φ) is the wave function of the universe that
can be written as a planewave superposition
Ψ(x, φ) = χ(x)e−ikφφ. (78)
Solving Klein-Gordon equation for these wave functions,
we obtain a second order differential equation with con-
stant coefficients, i.e.
d2
dx2
χ(x) = −k2φχ(x), (79)
that can be easily solved, and the generic solution is
written as superposition of progressive and regressive
planewaves, i.e.
χ(x) = Aeikφx +Be−ikφx. (80)
We impose the boundary condition such that the eigen-
function contains only the progressive term, thus we fix
B = 0. Considering that it is impossible to have a
monochromatic wave, we construct a wavepacket start-
ing from our eigenfunction and restricting the analysis to
positive energy-like eigenvalues kφ:
Ψ(c, φ) =
∫ ∞
0
dkφ A(kφ)e
ikφ
√
3
8piG ln [tan
(
β0c
2
)
]
e−kφφ.
(81)
In order to obtain the amplitude A(kφ), which contains
the rate of superposition of the planewaves, we write
Ψ(c, 0) =
∫ ∞
0
dkφ A(kφ)e
ikφ
√
3
8piG ln [tan
(
β0c
2
)
]
(82)
and through Fourier anti-transform we obtain
A(kφ) =
∫ ∞
0
dc Ψ(c, 0)e
−ikφ
√
3
8piG ln [tan
(
β0c
2
)
]
(83)
where Ψ(c, 0) is the wavefunction at the initial time φ = 0
and it depends on the system’s initial conditions. Let us
assume, for simplicity, that A(kφ) has a Gaussian form
picked around the initial value k¯φ, thus we have
Ψ(c, φ) =
=
∫ ∞
0
dkφ√
2kφ
e−
|kφ−k¯φ|2
2σ2√
2piσ2
e
ikφ
√
3
8piG ln [tan
(
β0c
2
)
]
e−ikφφ.
(84)
At this stage, remembering that in the Klein-Gordon
theory the scalar product is preserved by the evolution,
we can define the probability density of such a state as
ρ(c, φ) = i
(
Ψ∗(c, φ) ∂φΨ(c, φ)−Ψ(c, φ)∂φΨ∗(c, φ)
)
.
(85)
In what follows, using transformation (76), we express
all the quantities as functions of the new variable x in
order to have simple functions that can be numerically
integrated and then rewritten in terms of physical vari-
ables. The first condition that has to be verified in order
to give a physical meaning to this quantity, is that the
density has to be definite positive, otherwise it cannot be
understood as a probability. In Fig. 6 we show the shape
of ρ(x), for a fixed time φ, that guarantees the positive
character of the probability density function introduced.
Although we expect a priori the presence of interference
in the Gaussian distribution, and this could be easily ver-
ified by making ρ(x, φ) explicit, the interference appears
only in the tails of the Gaussian due to the fact that all
the terms of the density are sharply picked around the
value k¯φ, thus we can neglect them in our study.
At this stage we find a wavefunction that describes
the Universe and an associated well-defined probability
density that can be used to evaluate the expectation value
of geometrical quantities as area and volume. In order to
check the consistency of this quantum system we follow
the evolution of the density function with respect to the
time coordinate. In Fig. 7 we plot the shape of ρ(x, φ)
for three different values of time; during the evolution the
amplitude of the density is conserved, while the position
of the peak, namely at which value of x the maximum
value of the probability is localized, changes linearly with
time.
To compare the quantum system to the semiclassical
one let us collect the expectation value at different times,
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Figure 6: Probability density function ρ(x); as we can
see it is definite positive and sharply peaked around its
maximum.
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Figure 7: Evolution of the density function at different
times; the value of x at which the probability density
function is localized changes linearly with time.
namely a discrete set of x(φ), and recalling the transfor-
mation (76) we are allowed to write
c(φ) =
2
β0
tan−1
(
e
√
8piG
3 x(φ)
)
+ c0, (86)
where c0 is fixed in order to obtain c(0) = 0 as in the
classical theory:
0 = c(0) =
2
β0
tan−1(1) + c0 c0 = − pi
2β0
. (87)
In Fig. 8 we plot the set of c(φ) against the semiclassical
evolution of the same variable. As shown, the semiclassi-
cal solution is an exact solution of a differential equation
while the “quantum solution” is a discrete set of values,
collected for a discrete set of times. At this stage we find
that the wave function Ψ(c, φ) follows the FLRW semi-
classical polymer description, thus we could expect that
the initial singularity is substituted by the Bounce even
-10 -5 5 10
ϕ
-15
-10
-5
5
10
15
c(ϕ)
Figure 8: Comparison between the evolution of the
peak of quantum density function ρ(c, φ) (dotted) and
the semi-classical (continuous) case.
in the quantum system. To ensure this we have to de-
scribe the wave function in the coordinate representation,
namely Ψ(p, φ), through Fourier anti-transform, i.e.
Ψ(p, φ) =
∫ ∞
−∞
dc eipc Ψ(c, φ); (88)
then, as in the previous case, we evaluate the probability
density for the wave function in coordinate representa-
tion:
ρ(p, φ) = i
(
Ψ∗(p, φ) ∂φΨ(p, φ)−Ψ(p, φ)∂φΨ∗(p, φ)
)
(89)
and finally, having collected the values of p at which we
have the peak, we reconstruct the Bounce and compare
it with the semiclassical case. Since the Fourier anti-
transform (88) is not analytically solvable and we cannot
evaluate directly the probability density function (89),
we have to proceed in a slightly different way: we start
from the wave function in the x variable and then we
evaluate the Fourier anti-transform, i.e.
Ψ(px, φ) =
∫ ∞
−∞
dc eipxxΨ(x, φ); (90)
then we can evaluate
ρ(px, φ) = i
(
Ψ∗(px, φ) ∂φΨ(px, φ)−Ψ(px, φ)∂φΨ∗(px, φ)
)
.
(91)
To return to a physical variable we have to express how
px is connected to p; this can be found starting from
pxx˙ = pc˙ −→ px dx
dc
dc
dφ
= p
dc
dφ
(92)
and finally we obtain:
p(φ) =
√
β20
24piG
cosh
(√8piG
3
x(φ)
)
px. (93)
The numerical value of px, that is the value at which
the peak occurs, is found starting from the function
13
Ψ(x) = Ψ(x, φ∗) with φ∗ fixed, and then applying a dis-
crete Fourier’s anti-trasform in order to find
ρ(px) =
= i
(
Ψ∗(px, φ) ∂φΨ(px, φ)−Ψ(px, φ)∂φΨ∗(px, φ)
)
= i
(
(F−1[Ψ(x, φ)])∗ F−1[∂φΨ(x, φ)]−
F−1[Ψ(x, φ)](F−1[∂φΨ(x, φ)])∗
)∣∣∣
φ=φ∗
.
(94)
In Fig. 9 we plot the set of p(φ) at which the proba-
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Figure 9: Comparison between the evolution of the
expectation value of ρ(p, φ) (dotted) and the
semiclassical (continuous) case.
bility density is localized together with the semiclassical
evolution of the same variable as in the previous case.
As in the semiclassical theory the initial singularity is
substituted by a Bounce.
It is interesting at this stage to understand how the
Quantum Bounce depends on the initial conditions, since
we know that in the semiclassical case in the Ashtekar
variables we can always approximate the singularity by
changing the initial conditions. In order to do that, let
us write the density at which the Bounce occurs as
ρˆ|crit = Dˆ2|φB 〈Dˆ〉 :=
〈pˆφ〉
〈pˆ 32B〉
. (95)
Thus through the probability density function we eval-
uate the expectation value of the volume at the Bounce
as
〈pˆ 32B〉 =
∫ ∞
−∞
dp |p| 32 ρ(p, φB). (96)
In Fig. 10 it is shown the dependency of the expectation
value of the volume 〈Vˆ 〉 on the energy-like eigenvalue k¯φ
of the scalar field. The evolution of the volume shows
that it strongly depends on the initial conditions and the
interesting feature that arises is the possibility, even in
the quantum description, to approximate with arbitrary
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Figure 10: Dependency of the expectation value of the
volume 〈Vˆ 〉 on the energy-like eigenvalue k¯φ of the
scalar field.
precision the initial singularity. This could be in some
way related to the necessity of weighing appropriately
the zero volume eigenvalue.
B. Quantum analysis in the volume variable
Let us briefly summarize the previous procedure, which
is applied to the second case, where we use the volume
instead of the Ashtekar variables. The Hamiltonian con-
straint in this case is
C˜poly = − 27
32piGγ2β20
ν sin2(β0c˜) +
p2φ
ν
= 0, (97)
thus if we promote classical variables to a quantum stage
as in (72) we obtain[
− 24piG
4β20
(
sin
(
β0c˜
) d
dc˜
)2
+
d2
dφ2
]
Ψ(c˜, φ) = 0. (98)
In this case the appropriate substitution to use is simply
x =
√
4
24piG
ln
[
tan
(β0c˜
2
)]
+ x0. (99)
This leads us to the same equation of the previous case,
namely a massless Klein-Gordon equation
d2
dx2
Ψ(x, φ) =
d2
dφ2
Ψ(x, φ), (100)
and allows us to write a wavepacket in the c˜-
representation as
Ψ(c˜, φ) =
=
∫ ∞
0
dkφ√
2kφ
e−
|kφ−k¯φ|2
2σ2√
2piσ2
e
ikφ
√
4
24piG ln [tan
(
β0 c˜
2
)
]
e−ikφφ.
(101)
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At this stage the procedure is exactly the same that
was carried out before: we introduce the probability den-
sity function and we follow the value at which it localizes
during the evolution; then we plot this set of points and
compare them with the semiclassical trajectory. Then
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Figure 11: Comparison between the evolution of the
peak of quantum density function ρ(c˜, φ) (dotted) and
the semiclassical (continuous) case.
as in the previous case we anti-transform the wavepacket
and we follow the same procedure for Ψ(ν, φ). The results
are shown in Figg. 11 and 12.
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Figure 12: Comparison between the evolution of the
peak of quantum density function ρ(ν, φ) (dotted) and
the semiclassical (continuous) case.
VI. DISCUSSION OF THE RESULTS
Above we analyzed the quantization of the isotropic
Universe in the presence of a massless scalar field within
the framework of the polymer quantum mechanics by
adopting both the natural Ashtekar-Barbero-Immirzi
connection and the restated one conjugate to the cubed
cosmic scale factor. In these two casesthe Hamiltonian
takes the same formal expression but the geometrical
operators are constructed differently. We demonstrated
that the universe always possesses a bouncing point in the
past both on a semiclassical level and in a pure quantum
description, with the difference that when the natural
connection is used, the maximal density is fixed by the
initial conditions on the system (on a quantum level on
the localized wavepackets), while in the case in which the
redefined connection is used, we find a cut-off on the Uni-
verse density depending on fundamental constants and
the Immirzi parameter only. In this respect, we observe
that the polymer quantum mechanics treats the config-
urational variable (here the momenta respectively con-
jugate to the natural and the restated connection) as a
discretized variable on a lattice, providing a 1D graph
representation. As a result, the squared and cubed scale
factor are discretized when we apply the polymer quan-
tization to the natural and the restated connection, in-
troducing a minimal value to two different geometrical
operators, i.e. the area element when p ∼ a2 and the vol-
ume element when p ∼ a3 respectively. In particular, by
discretizing the area element also the volume results to be
regularized since a bouncing cosmology (and a maximum
of the energy density) emerges. However, in principle its
value can approach arbitrarily small values depending
on the initial conditions, i.e. on the value of the con-
stant momentum pφ on a semiclassical level, as well as
on the considered probability distribution for the energy-
like eigenvalue kφ in the quantum setup. Consequently,
these two representations clearly appear dynamically and
physically not equivalent (see [12, 19, 22, 23] for similar
not equivalent behaviours in polymer cosmology). How-
ever, as far as the polymer cosmology is thought as an
effective theory with the same physical content of LQC,
we have to stress that the momentum proportional to
the squared cosmic scale factor and the natural Ashtekar
connection must be regarded as a privileged set of con-
jugate variables, since the latter is the only connection
with the right properties prescribed by the full LQG the-
ory. In the case of a momentum variable proportional to
the cubed scale factor, the volume has a minimal value
and the cut-off appears as an intrinsic feature of LQC.
However, this choice appears unnatural and this consid-
eration is also supported by the following analysis of the
semiclassical equations of motion in the two set of vari-
ables, in particular by starting from the unnatural choice
of the connection. When the set of conjugate variables is
(ν, c˜) the polymer-modified Hamiltonian is (64) and the
equations of motion are written in (65). The canonical
transformation to the natural Ashtekar connection is the
following:
p = ν
2
3 c =
3
2
c˜ν
1
3 . (102)
However, to realize a canonical transformation in the
polymer construction, we have to introduce the condi-
tion β0c˜ = β
′
0c in order to map the polymer Hamiltonian
(64) written in the variables (ν, c˜) in the polymer Hamil-
tonian (49) written in the new variables (p, c) and make
the polymer-modified Poisson brackets formally invari-
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ant:
{c˜, ν} = 8piGγ
3
√
1− (β0c˜)2 = 8piGγ
3
√
1− (β′0c)2 = {c, p},
(103)
where c˜ → 1β0 sin(β0c˜) and c → 1β′0 sin(β
′
0c). In other
words, we have to deal with a new polymer parameter
that depends on the configurational variable as follows
(see [12]):
β′0 =
2
3
β0ν
− 13 . (104)
In particular, we obtain β′0 ∝ 1√p that is the same de-
pendence of µ¯ from the momentum p in the improved
dynamics (see (21)).
After introducing a dependence of the polymer param-
eter from the configurational variable under a canoni-
cal transformation, it is commutative to write the trans-
formed Hamiltonian and to introduce the polymer substi-
tution (42). Therefore, considering that the Hamiltonian
costraints are satisfied when evaluated along the solu-
tions of the Hamilton equations, we expect that also the
equations of motion for the two different sets of variables
will be mapped using (102) and (104). It is easy to check
that
p˙ =
2
3
ν−
1
3 ν˙ = −N 8piGγ
3
∂Cpoly(c, p)
∂c
, (105a)
c˙ =
3
2
˙˜cν
1
3 +
1
2
c˜ν−
2
3 ν˙ = N
8piGγ
3
∂Cpoly(c, p)
∂p
, (105b)
where
p˙ =
2N
γβ′0
√
p sin(β′0c) cos(β
′
0c), (106a)
c˙ =
N
γβ′0
(
− 3 sin
2(β′0c)
2β′0
√
p
+
c√
p
sin(β′0c) cos(β
′
0c)
)
−4NpiGγ p
2
φ
p5/2
,
(106b)
This means that, by taking into account the relation
(104), the equations of motion have the same expression
in the two sets of variables and therefore there exists a
physical equivalence between the two systems at least at
a semiclassical level. If we make a comparison with the
analysis made in section IV, we note that the equation
(106a) is formally the same as (50a), but the relation
β′0 =
2
3β0
1√
p changes the solution, while the equation
(106b) for the connection c results to be different from
(50b) because the partial derivative of Cpoly takes into ac-
count the dependence of the polymer parameter β′0 from
the momentum p. Furthermore, thanks to this depen-
dence, the critical density (54) turns out to be a funda-
mental quantity and takes the same expression written
in (67)
ρcrit =
3
8piGγ2β′0
2|p| =
27
32piGγ2β0
2 . (107)
Also, the effective Friedmann equation in the time
gauge (55) reads as(1
p
dp
dφ
)2
=
8piG
3
(
1− 32piGγ
2β20
27
p2φ
p3
)
(108)
and it clearly reduces to (69) using (102). This means
that the Universe volume experiences a bouncing dynam-
ics with the same properties in the two sets of variables
only if we consider the polymer parameter β′0 depending
on p.
Thus, also on the level of a semiclassical polymer cos-
mology, we see that when we start from the volume-
like momentum and then we transform into the natu-
ral Ashtekar connection we have to deal with a poly-
mer parameter depending on the configurational coordi-
nate, here the momentum associated to the squared cos-
mic scale factor. On a quantum level, the dependence
in the polymer parameter makes the definition of the
translational operator not well posed, de facto prevent-
ing the implementation of a consistent theory. It seems
that these troubles with the translational operator are
strictly isomorphic to the same question arising in LQC,
when the minimum area is taken as a physical quantity
(i.e. scaled for the squared scale factor). Thus, the com-
parison with the polymer quantum cosmology makes the
improved approach developed in [2, 16] as the natural
change of variables in order to deal with a connection
associated to a constant lattice parameter. At the level
of the present analysis it is not possible to say if the
two formulations are equivalent or not, since only one
is physically and dynamically viable at a quantum level,
unfortunately that one corresponding to the unnatural
connection choice. However, at a semiclassical level we
show that dealing with a polymer parameter depending
on the momentum variable makes the formulations in
the two settings physically equivalent. In particular, the
equations of motion take the same expressions and this
leads to a bouncing dynamics with the same properties
for the Universe volume in the two settings.
We conclude by observing that the question we are ad-
dressing has a deep physical meaning since it involves the
real nature of the so-called Big Bounce: is it an intrinsic
cut-off on the cosmological dynamics or is it a primordial
turning point fixed by initial conditions on the quantum
universe? The present analysis suggests that the second
issue appears most natural in polymer quantum cosmol-
ogy if it is referred to LQG, since the quantum imple-
mentation of the natural connection produces results in
accordance with the original analysis in [3]. We also ob-
serve that the existence of a cut-off area element is in-
troduced in LQC as a reminiscent feature of LQG and in
the latter the zero eigenvalue of the geometrical operator
is allowed in the spectrum. If such value were suitably
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weighed in a quasi-classical wavepacket, we could reach
arbitrarily small values of the area and volume opera-
tors that are not accounted neither by the LQC formula-
tion nor by polymer. By using the Ashtekar variables we
clearly abandone this feature of the basic theory and we
put a cut-off only to the area element, while the volume
(whose behavior is fundamental for the cosmological dy-
namics) still possesses the zero value as an asymptotic
but forbidden limit.
VII. CONCLUSIONS
We analyzed the dynamics of the isotropic Universe
in the presence of a massless scalar field by address-
ing the framework of the polymer quantum cosmology.
We started from the standard Ashtekar-Barbero-Immirzi
variables and we observed that the corresponding Hamil-
tonian takes the same form (except for constant quan-
tities) when we pass to the restated connection whose
conjugate momentum is the cubed scale factor. For
both these cases we performed the semiclassical analy-
sis, showing the existence of a bouncing early universe.
However, the main conclusion is that the Big Bounce
has a different morphology in the two sets of variables,
according to the LQC semiclassical results in the same
settings. In particular, when the conjugate momentum
is the cubed scale factor an intrinsic cut-off emergesin
the cosmological dynamics and the critical density of the
universe is fixed only by fundamental parameters and
constants. On the other hand, the treatment in terms of
the natural connection is still outlining a bouncing cos-
mology, but the scale of its manifestation depends on the
initial conditions of the system.
Then, we proceeded to the full quantum analysis of
the polymer formulation in terms of the Ashtekar con-
nection, which is the only well-posed scenario for LQC
when the LQG underlying paradigm is taken into ac-
count. We showed that the average value of the Universe
volume has the same behaviour of the semiclassical case
and its minimum value is determined by the initial con-
ditions on the wavepacket, i.e. on the distribution for the
energy-like eigenvalue kφ.Finally, in the previous section
we showed how taking into account a polymer parameter
depending on the momentum variable makes the equa-
tions of motion have the same expressions in the two
settings. In particular, the Friedmann equation written
in the volume variable takes the same form in the two
formulations and, consequently, this leads to a physically
equivalent description of the cosmological bounce in both
the conjugate variables. Also, we discussed these results
and we argued how the present study enforces the idea
that the natural issue of the polymer quantum cosmol-
ogy is a bouncing dynamics whose details depend on the
initial setting of the system, i.e. the conditions on the
quantum or the semiclassical universe assigned at a given
instant of the matter clock φ. We think that, by taking
into account the full LQG theory, this conclusion is sup-
ported by both the privileged character of the Ashtekar
connection and also by the fact that the zero eigenvalue
of the volume operator should be suitably taken in such
a way that the initial bounce can be reached in corre-
spondence to a finite but arbitrarily small value.
The discussion above suggests that the quantity ex-
trapulated from the LQC theory, that has to be ad hoc
treated via a cut-off, is the comoving area instead of the
physical one. This feature is not so surprising if we ob-
serve that LQG provides a convincing discretization of
the geometrical operators on a kinematical level only (see
[24, 25]). Actually, the scalar Hamiltonian constraint is
not suitably implemented in the full theory [24] and this
is a marked difference with the LQC approach, which
deals with the cosmological dynamics. By other words,
the fact that the bouncing dynamical cosmology restores
also a physical cut-off on the real (properly scaled) area
element is a good feature of the model, but in this way the
area spectrum extrapulated from LQC has a kinematical
meaning only: the dependence on the momentum conju-
gate to the connection (i.e. on the scale factor) seems to
be a rather weak guess.
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